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Abstract

A set X together with a finite collection of self-maps on X is called a multiple discrete flow. We develop
the theory of fair convergence for multiple flows and show how the UNITY programs of Chandy and Misra can
be reformulated in terms of this theory.

1 Introduction

In recent years a viewpoint has emerged that views all dynamical evolution
as computation and information processing. Thus, instead of saying that the
earth moves around the sun obeying the laws of gravitation, one says that the
earth senses its environment, processes the information, and computes its way
around the sun. In his book Programming the Universe, Seth Lloyd [6] says:

My vision of the world as processing information arose out of my day-
to-day work building quantum computers. Since I made this realiza-
tion, my own vision of the world has changed and evolved. The more
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information I process in my own thoughts, the more convinced I am
that the theory of the computational universe is the right theory.

Again, Susan Stepney [9] studies models of computation inspired not only by
quantum theory but also biology and the concept of emergent behavior that
has resulted from complexity theory. She emphasizes the difference between
a computational model, which is a mathematical model, and a computational
device, which is a physically or biologically realized entity. She lists several
exciting possibilities for research.

This body of work seeks to link real life dynamical evolution with compu-
tation by devising new and non-standard models of computing. There are also
attempts, not so well-known, to express the now classical theory of computa-
tion and algorithmics in terms of discrete dynamical models.

For example, McCarthy [7] observes, with a slight change in notation, “when
a block of a program having a single entrance and exit is executed, the effect
of the execution on the state vector may be described by a function x′ = F (x)
giving the new state vector x′ in terms of the old state vector x.” In effect he
is saying that, if X denotes the set of all state vectors, then a program may be
modeled by a map F : X → X .

Knuth [5] says the same thing explicitly, when he observes that a mathe-
matical theory of algorithms can be built by modeling an algorithm as a map
F : X → X together with some additional structure. Given the map F , com-
putation proceeds by repeatedly changing the state x to F (x) till the state does
not change any more. This suggestion has been followed up in the work of
Viswanath [12, 13] and developed into a full-fledged mathematical introduc-
tion to large parts of algorithmics. We shall refer to this work in this article as
the ‘mapcode model’, the name given to it in [13].
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The mapcode model is deterministic. This means that, given the current state
x the next state x′ can only be F (x). However, not all computing needs to be
deterministic. The theory of computation [8] studies non-deterministic models
of computation and Dijkstra [4] has worked with non-deterministic programs.
The question then arises if we can model these ideas also using appropriate
generalizations of discrete dynamical systems.

This can be done in two different ways. One way is to replace the state to
state map F : X → X with a state to set-of-states map ∆ : X → P(X), where
P(X) denotes the set of all subsets of X . If the current state in the course of
a computation is x then the next state can be any of the states in the set ∆(x).
Thus the current state does not uniquely determine the next state. It has been
shown in [11] that this model, with certain additional conditions, gives rise to
a theory that is equivalent to that of Dijkstra [4].

There is another way of modeling nondeterminism. That is to replace the
single map F : X → X with multiple maps F1, F2, · · · , FN , all mapping X to
X and iterating each of them. This models nondeterminism by requiring that
if the current state is x then the next state is got by applying any of the maps
F1 to FN to x.

These two models are not equivalent. One reason is that ∆(x) may be the
empty set ∅ for some x. Or it could be an infinite set. If ∆(x) is non-empty for
all x and the number of elements in ∆(x) is bounded above independently of x
then one can construct multiple maps Fp, 1 ≤ p ≤ N , so that choosing one of
the elements of ∆(x) is equivalent to applying one of the maps Fp. Even in this
case, though the two models coincide, the two theories differ in their treatment
of convergence. The theory of convergence that naturally arises in the case of
the ∆ model, as developed in [11], is rather different from the convergence
theory that suggests itself in the multiple flow case developed here.
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These models, together with many variations and interpretations of them, are
discussed in the articles of Walicki and Meldal [14] and Armoni and Ben-Ari
[2]. While both the articles attempt a comprehensive discussion of nondeter-
minism in computing, each from its own view-point, it is surprising that neither
of them mentions the work of Chandy and Misra [3] even though their book
was published 1988.

In their treatise on parallel programming design [3] Chandy and Misra in-
troduce a method of nondeterministic programming using iterated transfor-
mations {F1, · · · , FN}. They call it UNITY - an acronym for Unbounded
Nondeterministic Iterative Transofmation theorY.

They present a philosophy and methodology of programming that enables
them to start with mathematical statements of specification and allows them to
progressively refine them to suit given implementation requirements.

As is the practice in computer science UNITY is presented in terms of well-
formed statements in a specified grammar and the logic is in terms of inference
rules. Besides the standard Hoare rules the authors derive some more rules that
feature new relations between predicates called ‘unless’, ‘ensures’ and ‘leads-
to’. Further the progress of the computation is expressed in terms of infinite
execution sequences.

They say in the Preface to their book that courses based on the book are
presented to graduate students. We feel that their approach to programming is
very illuminating and should be taught more widely. The approach we present
here using dynamical systems is at the level of a typical discrete mathematics
course and hence should be accessible to many more students.

To show the viability of our model we take up four of the examples studied
in [3] and prove them afresh. This makes accessible a whole new area of com-
putation theory to dynamical systems theorists. We hope that this article will
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inspire efforts to explore this area further and eventually result in a full fledged
course to UNITY parallel programming that is less mathematically demanding.

We now give a brief overview of the structure of the paper. Section 2 models
nondeterminism in terms of the maps F1, F2, · · · , FN , called a multiflow, and
the action of an induced monoid on the state space X . The concept of fair con-
vergence is defined. The definition is distinct from that of [3] but is equivalent
to it. Section 3 deals with the idea of computing with multiflows. Sections 4
and 5 address questions of safety and progress respectively. Section 6 presents
four examples from the book [3] to make it easier for the reader to compare the
two approaches.

In what follows N and P denote respectively the set of all non-negative in-
tegers and the set of all positive integers. The symbol .= may be read as ‘is
defined to be’. For any map f : X → Y and A ⊆ X , f(A)

.
= {f(x) | x ∈ A}.

2 Multiflows and Fair Convergence

Definition 2.1 Let F = {F1, . . . , FN} be a finite ordered collection of (total)
maps from X to X . The pair (X,F) is called a multiple discrete flow, or
simply, a multiflow.

Remark 2.2 If F consists of a single map F , a multiflow reduces to a single
discrete flow. In this case the pair (X,F ) is a discrete dynamical system [12].
We also call this a uniflow. �

In the definitions below we express the process of repeatedly applying the
maps Fp on X in terms of the action of a monoid on X in the usual way.

Definitions 2.3 1. Let [1..N ] = {p | 1 ≤ p ≤ N}. Each of the numbers in
[1..N ] is called a label.
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2. For any positive number n, a string (finite sequence) p = p0p1 . . . pn−1,
where the pi’s range over [1..N ], is called a label string of length n. The
set [1..N ]∗ denotes the set of all label strings over [1..N ].

3. Given arbitrary strings p = p0p1 . . . pn−1 and q = q0q1 . . . qm−1 in [1..N ]∗,
p · q .

= p0 . . . pn−1q0 . . . qm−1 and is called the concatenation of p and q.
We write p2 = p · p and more generally pn = pn−1 · p for n ≥ 2.

4. [1..N ]∗ is a monoid with the concatenation operation, the empty string ε
being the unit.

5. A string p is said to be fair if each of the labels from 1 to N occurs at least
once in p. If p is fair then so are q · p and p · q for every q ∈ [1..N ]∗.

6. For m ≥ 1, a string p is said to be m-fair if there exist m fair strings
p1, . . . ,pm such that p = p1 · . . . · pm. If p is m-fair then so are q · p and
p · q for q ∈ [1..N ]∗. If p is fair then pm is m-fair. If p is (m + 1)-fair
then p is also m-fair. �

Remarks 2.4 1. The first letter in UNITY [3] stands for ‘Unbounded’. The
UNITY theory is unbounded because the execution is expressed in terms
of the action of infinite sequences of labels on the state space. An infinite
sequence of labels is said to be fair if each label occurs infinitely many
times in the sequence. Here we have replaced the unbounded theory by
the bounded theory of strings and introduced the notion of m-fairness for
strings of labels.

2. Being m-fair is a stronger condition than requiring that the string must
contain m occurrences of each label. �

Given (X,F) we define the action of the monoid [1..N ]∗ on X .

Definitions 2.5 1. If p is a label and x ∈ X , x · p .
= Fp(x). Inductively we

define x · p = (x · p0) · p1p2 . . . pn−1 for a label string p = p0p1 . . . pn−1.
By convention x · ε .

= x for every x ∈ X . Clearly x · (p · q) = (x · p) · q.

2. If A ⊆ X and p ∈ [1..N ]∗, A ·p .
= {x ·p | x ∈ A}. Note that by definition

∅ · p = ∅.
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3. A ⊆ X is said to be invariant if A · p ⊆ A for all labels p. If A is invariant,
A · p ⊆ A for all p ∈ [1..N ]∗.

4. Given x ∈ X , a label string p0p1 . . . pn−1 induces a finite sequence of
states called a run starting at x. This sequence is defined by x0 = x and
xi+1 = xi ·pi inductively for every 0 ≤ i ≤ n−1. The run (x0, x1, . . . , xn)
starting at x is said to end at xn. We note that x1 = x · p0, x2 = x · p0p1,
. . ., xn = x · p0p1 . . . pn−1.

5. fix (F)
.
= {x | x · p = x, 1 ≤ p ≤ N} and is called the set of fixed points

of F. fix(F) is an invariant set.

6. A state x ∈ X is said to be convergent if there exists a positive integer
k, depending on x, such that x · p ∈ fix (F) for every k-fair string p ∈
[1..N ]∗. The set of all convergent states is denoted by con(F). con(F) is
an invariant set.

7. A round of computation at a state x means that we take a fair string p and
change the state x to x · p. So a state is convergent if and only if there is
an integer k such that the state is changed to a fixed point in any k rounds
of computation.

8. Let x be convergent, k being the associated integer. Define the limit set
Λ(x) at x by Λ(x) = {y ∈ fix (F) | y = x · p for some k − fair p}. If x is
not convergent, define Λ(x) = ∅. Λ(x) is called the limit set at x. �

3 Computing with Multiflows

We are interested in programs that are meant to terminate after a finite amount
of time and produce a specified output for a given input. More formally, let
S be the space of legal inputs to a program. The purpose of the program is to
produce a specified output f(s) in a set T for each given s ∈ S. In terms of
computer science this map constitutes the specification that the program must
satisfy.
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Definition 3.1 Let S and T be two sets called the set of inputs and the set of
outputs respectively. A map f : S → T is called a specification map. �

The definitions that follow generalize those for the case of a single flow
(X,F ) in [13].

Definitions 3.2 A multiflow machine is a six-tuple M = (S,X, T, ρ,F, π)
where

1. S is a set called the input space;

2. X is a set called the state space;

3. T is a set called the output space;

4. ρ : S → X is a map called the input map;

5. F is an ordered collection {F1, . . . , FN} of self-maps on X;

6. π : X → T is a map called the output map. �

Remarks 3.3 1. Note that a ‘multiflow’ is simply the pair (X,F) whereas a
‘multiflow machine’ is a six-tuple as above.

2. Even though we have defined above a multiflow machine formally as a
six-tuple it is convenient to denote it by S

ρ→ X
F→ X

π→ T .

3. When the collection F consists only of a single map F a multiflow ma-
chine reduces to a mapcode machine defined in [13]. In this context we
also call a mapcode machine a uniflow machine. �

Definitions 3.4 Suppose M = S
ρ→ X

F→ X
π→ T is a multiflow machine.

1. The set {s | ρ(s) ∈ con(F)} is called the halting set Ω of the program.

2. Let P(T ) denote the class of all subsets of T . The input-output map com-
puted by the multiflow machine is the map Φ : Ω → P(T ) defined by
Φ(s) = π(Λ(ρ(s))).
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3. The machine M is said to compute the specification map f : S → T if the
halting set Ω = S and Φ(s) = {f(s)} for all s ∈ S. �

Remark 3.5 The expressions ‘halting set’ and ‘input-output map’, and the
symbols Ω and Φ for them, are borrowed from [?]. Our setup is more gen-
eral than theirs. �

We now relate the nomenclature introduced above with that of the standard
notation in the case of uniflow machines.

Remark 3.6 Suppose F = {F} = {F1}. Then the associated monoid [1..N ]∗ =
{1n | n ∈ N} where 1n stands for a string of n 1’s.

1. We have x · 1 = F (x) and x · 1n = F n(x) for x ∈ X .

2. fix (F ) = {x | F (x) = x} = fix (F).

3. con(F ) = {x | F n(x) ∈ fix (F ) for some n ≥ 0} = con(F).

4. If x ∈ con(F ) and F n(x) ∈ fix (F ), then F n(x) = F n+1(x) = . . . =
F∞(x), say. The map F∞ : con(F ) → fix (F ) is called the limit map of
F . We have Λ(x) = {F∞(x)}.

5. Consider the uniflow machine M = S
ρ→ X

F→ X
π→ T . Let Ω =

{s | ρ(s) ∈ con(F )}. Then φ = π ◦ F∞ ◦ ρ maps Ω to T and is called the
computed map or the input-output map. We have Φ(x) = {φ(x)}.

6. Consider a specification map f : S → T . The machine M computes f if
Ω = S and φ = f on S. �

The next theorem shows that the class of multiflow machines is not more
powerful than the class of uniflow machines for computing specification maps.

Theorem 3.7 Let f : S → T . If there exists multiflow machine computing f
then there exists a uniflow machine computing f .

Proof Suppose M = S
ρ→ X

F→ X
π→ T computes f . This implies that

ρ(s) ∈ con(F) for all s and that there exists k = k(s) such that ρ(s) · p ∈
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fix (F) for all s and all k-fair strings p. In addition we have π(ρ(s) ·p) = f(s)
for all s. In particular if q is a fair string then for any s ∈ S, π(ρ(s)·qk) = f(s)
for some k.

Fix a fair string q = q0q1 . . . qn−1. Define F : X → X by F = Fqn−1
◦ . . . ◦

Fq1 ◦ Fq0. Then for each s ∈ S, and for k = k(s) ∈ N, F k(ρ(s)) ∈ fix (F ) and
π(F k(ρ(s))) = f(s). Hence the uniflow machine M = S

ρ→ X
F→ X

π→ T
computes f . �

Despite this theorem there are advantages in studying multiflow machines.
We spell out some of them.

1. It sometimes happens that the data of a problem naturally comes in the
form of a multiflow (X,F). If we arbitrarily choose a fair string as in
the proof of Theorem 3.7 and reduce the multiflow to a uniflow, some of
the information may be lost. For example, in the problem of scheduling
a meeting discussed in Section 6.1, each Fi gives the data of one person
and it is necessary to schedule a meeting when all of the N persons can
be present. Suppose one of the persons drops out of reckoning and it is
enough for the rest of them to meet. If we only had the uniflow machine
that takes into account all theN people, we would have to retrace our steps
and re-do the reduced problem.

2. A multiflow machine is reducible to a uniflow machine in more than one
way and different ways of reducing it may give rise to different algorithms
and some of them may be more efficient than others. Also, the reduction
suggested by Theorem 3.7 may not be the best way in certain circum-
stances. For example, in the sorting problem discussed in Section 6.3, the
multiflow machine is in some sense a seed algorithm and many of the stan-
dard sorting algorithms may be obtained from it by reduction in different
ways.

3. Suppose the state x is given by a tuple (x1, x2, · · · , xN) and Fi acts only
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on xi. Then there is the possibility of defining a new map that acts simul-
taneously on all the components of x. That is to say instead of applying
each of the Fi serially we can apply all of them in a parallel fashion at the
same time, thus speeding up the algorithm.

4. It is frequently easy to think of nondeterministic algorithms. So we may
start with one, define a multiflow, and refine it step by step to yield a
uniflow algorithm.

4 Safety Theorems

Programs are studied in terms of safety and progress properties. A safety the-
orem guarantees that if the program terminates then the output it produces is
the correct one. A progress theorem guarantees that as the program keeps act-
ing on an input the state progresses towards termination so that eventually the
program terminates.

The formalism of multiflows is very flexible and safety and progress theo-
rems may be devised for each program in a way that suits the context. However,
it is illuminating to study the proof methods in a general setting. They help us
understand the structure of the action of multiflows. In this section we study
safety theorems and take up progress theorems in the next.

We had defined invariant sets earlier in Definitions 2.3. We now define in-
variant functions.

Definition 4.1 A map θ : X → Y , where Y is any set, is said to be invariant if
θ(x · p) = θ(x) for all x ∈ X and all p ∈ [1..N ]. In this case θ(x · p) = θ(x)
for all p ∈ [1..N ]∗. �

Example 4.2 Given (X,F), the limit map Λ : X → P(fix(F )) is an invariant
map. Also, if θ is invariant, then for every x ∈ con(F) and y ∈ Λ(x) it is true
that θ(x) = θ(y). �
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Theorem 4.3 Suppose S
ρ→ X

F→ X
π→ T is a multiflow machine M and

f : S → T is a specification map. Let θ : X → T be invariant and let s ∈ Ω.
If θ(ρ(s)) = f(s) and θ(x) = π(x) for x ∈ fix(F), then Φ(s) = {f(s)}.

Proof Since ρ(s) is convergent there exists m > 0 such that

Λ(ρ(s)) = {ρ(s) · p | for all m-fair p}.

Using the invariance of θ and the two given conditions we see that

Φ(s) = π(Λ(ρ(s))) = θ(Λ(ρ(s))) = {θ(ρ(s))} = {f(s)}.2

We now prove another safety theorem using invariant sets.

Definition 4.4 Suppose S
ρ→ X

F→ X
π→ T is a multiflow machine M and

f : S → T is a specification map. An invariant set A ⊆ X is said to be safe
for f at s ∈ S if ρ(s) ∈ A and π(A ∩ fix(F)) = {f(s)}. �

Theorem 4.5 If there exists a safe set A for f at s ∈ Ω then Φ(s) = {f(s)}.

Proof Let A be a safe set for f at s ∈ Ω. Since A is invariant, and ρ(s) ∈ A
we have ∅ 6= Λ(ρ(s)) ⊆ A ∩ fix(F). Then ∅ 6= Φ(s) = π(Λ(ρ(s))) ⊆
π(A ∩ fix(F))) = {f(s)}. This proves that Φ(s) = {f(s)}. �

Corollary 4.6 If A ⊆ con(F) is safe for f at s ∈ S then s ∈ Ω and Φ(s) =
{f(s)}.

5 Progress Theorems

To prove that a state x is convergent we need to have some way of showing
that as the labels keep acting on the state, the state progresses towards a fixed
point. The concept of a bound function that is useful in the case of uniflows
[13] may be extended to be serviceable in the present case also.

Definition 5.1 A map λ : X → N is called a height function.
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Definition 5.2 Let (X,F ) denote a uniflow and (X,F) a multiflow. Let λ be a
height function on X .

1. λ is called a bound function for F if for all x ∈ X either x ∈ fix(F ) or
λ(F (x)) < λ(x).

2. λ is called a bound function for F if λ is a bound function for Fp for all p.
�

Remarks 5.3 1. If λ is a bound function for F then λ(Fp(x)) ≤ λ(x) for all
x and all p.

2. If λ is a bound function and λ(x) = 0 then x ∈ fix(F).

3. If λ is a bound function so is λ+ c where c is a positive integer. So λ need
not be 0 on fixed points. �

One uses bound functions to prove progress theorems by showing that their
values decrease under the action of fair strings.

Theorem 5.4 Let λ be a bound function for (X,F). Then for every x and
every fair string p, either x ∈ fix (F) or λ(x · p) < λ(x). In other words, if
x is not a fixed point for the flow then λ(x) strictly decreases after a round of
computation.

Proof Take any x ∈ X and a fair string p = p0p1 · · · pn−1. Suppose x /∈
fix (F). Then there exists a least label i such that x /∈ fix (Fpi

). (Otherwise x
would be a fixed point for the multiflow.) So x · p0p1 · · · pi−1 = x /∈ fix (Fpi

).
Consequently λ(x · p0 · · · pn−1) ≤ λ(x · p0 · · · pi) = λ(x · pi) < λ(x), by the
definition of a bound function. �

Bound functions are not always available to prove progress. In some cases,
as in the division example below, we appeal to the notion of a weak bound
function.

Definition 5.5 Let m be a positive integer and (X,F) a multiflow. A height
function λ is called a weak bound function of order m for F if for every x ∈ X
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1. λ(Fp(x)) ≤ λ(x) for all p;

2. for every m-fair string p either x · p ∈ fix (F) or λ(x · p) < λ(x). �

Remark 5.6 1. A bound function is a weak bound function of order 1.

2. If λ is a weak bound function of order m for F and n > m then λ is also a
weak bound function of order n. �

Theorem 5.7 If there is a weak bound function for F then con(F) = X .

Proof Suppose λ is a weak bound function of order m for F. Fix x ∈ X . If
λ(x) = 0 then for every m-fair string p either x ·p ∈ fix (F) or λ(x ·p) ≤ −1.
Since the later is impossible, x · p ∈ fix (F) for every m-fair string p. This
proves that x ∈ con(F).

Let λ(x) = k > 0. Then for every m-fair string p either x · p ∈ fix (F)
or λ(x · p) ≤ k − 1. Repeating the argument, for every 2m-fair string either
x · p ∈ fix (F) or λ(x · p) ≤ k − 2. So in at most k steps λ is reduced to 0.
By the earlier argument x is moved to a fixed point. Hence every x ∈ X is
convergent. �

There are situations where a single bound function is not available and we
have to prove convergence in stages, such as in the sorting example below. The
discussion below expresses abstractly the nature of the reasoning.

Definition 5.8 Given (X,F) suppose A and B are invariant sets such that A ⊇
B. A height function λ is said to slope to B on A if for any x ∈ A and any fair
string p either x ∈ B or λ(x · p) < λ(x). �

Remark 5.9 If λ is a bound function for F then λ slopes to fix (F) on X . �

Lemma 5.10 Let the notation be as above and suppose λ slopes to B on A. If
x ∈ A and λ(x) = r, then x · p ∈ B for any r-fair string p.
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Proof Let p = p0p1 . . .pr−1 where each pi is a fair string. Let x0 = x and
xi = x ·p0p1 . . .pi−1, i ≥ 1, so that xr = xr−1 ·pr−1. Then either x = x0 ∈ B
or λ(x1) ≤ r − 1. If x ∈ B, since B is invariant, so does xr. If x1 /∈ B then
λ(x2) ≤ r − 2. If this argument continues to the end we see that λ(xr) = 0
and either xr ∈ B or λ(xr · q) ≤ −1 for any fair string q. Since the latter is
impossible, xr ∈ B. �

6 Examples

The four examples in this section have all been discussed by Chandy and Misra
[3]. We choose the very same examples here to illustrate the differences in
reasoning methods. The reader is invited to compare the two approaches. Con-
straints of space prevent us from making a detailed comparison here.

It is worth remarking here that the complexity of a computational problem
arises not from the domain where the specification map is defined but from the
constraints imposed on how it is to be computed. So, even in such a simple
problem as that of finding quotients and remainders, one has to resort to some
subtle reasoning to establish safety and progress.

6.1 Scheduling a Meeting

There are N managers in an organization who need to find the earliest date
after a given date on which all of them are free to meet. How is the secretary
to fix that date?

A simple method is to call each of them one by one. If the first manager
gives the earliest date as D1, then the second is asked for the first day on or
after D1 when the meeting can take place. In this way all the managers are
asked again and again till a date is found. In principle it is possible that no
such date can ever be found. So in the formulation of the problem we assume
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that given a date s a common date zs exists on or after the date s and we need
to find the first such date. It is intuitively reasonable that if each manager is
asked sufficiently many times then a common date can be arrived at.

We need a mathematical formulation for this problem. Let us say that the
dates in are given by natural numbers so that the given date is s ∈ N. We
can encode the information that is needed from the p-th manager as a map
x → Fp(x), where Fp(x) is the first date on or after x on which day the p-th
manager is free. We capture the intuitive properties of each Fp by requiring
that Fp is monotone non-decreasing on N, Fp(x) ≥ x, and Fp(Fp(x)) = Fp(x)
for all x and all p.

Let C = fix (F) and fix s ∈ N. We are given that there exists z ∈ C
with z ≥ s. We are asked to design a multiflow machine that computes
min{x ∈ C | x ≥ s} = rs, say.

To write down a specification map for this problem we can take S = N,
T = N, and f(s) = rs. In addition, let X = N, ρ = π = Id the identity map,
F = {F1, F2, . . . , FN}.

Theorem 6.1 With definitions as above N Id→ N F→ N Id→ N is a multiflow
machine computing f(s) = rs.

Proof Let s ∈ S and f(s) = r. Define A = {s, s+ 1, . . . , r}. The theorem is
proved by showing that A is safe for F at s and that λ(x) = r − x is a bound
function for F. However, we can understand the essential reasoning without
reference to the earlier theorems.

Since Fp is monotonic on A and Fp(r) = r for all p, if s ≤ x ≤ r then
s ≤ x ≤ Fp(x) ≤ Fp(r) = r. So A is invariant. If y is reached after one round
of computation starting from s then there can be no fixed point less than y, as
otherwise the computation could not have reached y. If y is a fixed point then
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y = r. If not we repeat the above argument till r is reached. �

6.2 Division

Let a be a non-negative integer and b a positive integer. Let quo(a, b) and
rem(a, b) respectively stand for the quotient and remainder when a is divided
by b. We are asked to compute these two quantities. We consider the maps
suggested by Chandy and Misra [3]. It is possible to consider other maps that
simplify the work. But our purpose here is to illustrate some finer points of the
proof of a progress theorem.

1. The input space is S = N× P.

2. The output space is T = N× N.

3. The specification map is f(a, b) = (quo(a, b), rem(a, b)).

4. The state space is X = N6 = {x = (a, b, q, r, c,m)}. Suggestively q is for
quotient, r is for remainder, c is for counter, and m is for multiple.

5. ρ(a, b) = (a, b, 0, a, 1, b).

6. π(a, b, q, r, c,m) = (q, r).

7. F consists of the three maps defined below.

F1(a, b, q, r, c,m) =

{
(a, b, q + c, r −m, c,m), if r ≥ m;
(a, b, q, r, c,m), if r < m.

F2(a, b, q, r, c,m) =

{
(a, b, q, r, 2c, 2m), if r ≥ 2m;
(a, b, q, r, 1, b), if r < 2m.

F3(a, b, q, r, c,m) =

{
(a, b, q, r, 3c, 3m) if r ≥ 3m;
(a, b, q, r, 1, b), if r < 3m.

8. M = N× P ρ→ N6 F→ N6 π→ N2.
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Theorem 6.2 With definitions as above, M is a multiflow machine computing
f(a, b) = (quo(a, b), rem(a, b)).

Proof Choose and fix (a, b) ∈ S and define

A = {x | c ≥ 1,m = bc, a = bq + r.}

Then ρ(a, b) ∈ A and it is easy to check that all the three maps F1, F2 and F3

leave A invariant. So it is enough to prove termination and correctness on this
set.

Let x ∈ A. We show that x ∈ fix(F) if and only if r < b = m . Let
r < b = m. Then r < b = m < 2m < 3m, so that x = F1(x) = F2(x) =
F3(x). Conversely let x ∈ fix(F). Then F1(x) = x implies that r < m and
F2(x) = x implies that m = b. So r < b = m.

This means that if the computation ends then we have both a = bq + r as
well as 0 ≤ r < b. So q and r must respectively give the quotient and remain-
der when a is divided by b. This proves correctness.

To prove termination consider the height function λ(x) = r. Note that the
value of r is never increased by any step of the computation. We prove that λ
is a weak bound function of order 2. Divide A into 4 parts as below.

A0 = {x | r < b,m = b} = fix(F)

A1 = {x | r < b,m > b}
A2 = {x | r ≥ b, r ≥ m}
A3 = {x | r ≥ b, r < m}

If x ∈ A0 there is nothing to prove. Let x ∈ A1. Then F1(x) = x and
F2(x) = F3(x) = (a, b, q, r, 1, b) ∈ fix (F). This proves that x · p ∈ fix (F) for
every 1-fair string p. So one round of computation changes x to a fixed point.
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Let x ∈ A2. Then F2(x) and F3(x) both belong to A2 and λ(x) is un-
changed. However λ(F1(x)) < λ(x). So λ(x) is strictly reduced in one round
of computation.

Finally, let x ∈ A3. Then F1(x) = x whereas F2(x) and F3(x) both belong
to A2. The rest of the argument is a little delicate. Let p be any 2-fair string.
Then p = q · r where q and r are 1-fair. Let q = q0q1 · · · qn−1. Let qk be the
first label that is not equal to 1. Let y = x ·q0q1 · · · qk. Then y ∈ A2. The string
qk+1 · · · qn−1 · r is 1-fair and its action on y strictly decreases λ. This means
that the action of p on x strictly decreases λ, by the earlier part of the argument.

The three paragraphs above together show that λ is a weak bound function
of order 2. Hence termination is guaranteed. �

6.3 Sorting

Given an n-tuple x = (x1, x2, . . . xn) ∈ Nn the problem is to sort it in increas-
ing order. This may be done in a naive way. Choose any i < n and sort the
pair (xi, xi+1). Choose an i again and repeat the process. It is intuitively rea-
sonable that if we make a choice of i sufficiently many times and if each index
is chosen enough times then the n-tuple is eventually sorted.

We need to model this nondeterministic algorithm.

1. Let S = T = Nn. The specification map is given by f(x) = sort(x).

2. Let X = Nn.

3. Let ρ and π be the identity maps.

4. Consider F = {Fp | 1 ≤ p ≤ n− 1}, where Fp sorts xp and xp+1 in x.

5. Let M = Nn Id→ Nn F→ Nn Id→ Nn.
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The proof of the next theorem is presented without reference to the earlier
theorems but the reader will notice that the proof is just a repeated application
of Lemma 5.10.

Theorem 6.3 With definitions as above, M is a multiflow machine computing
f(x) = sort(x).

Proof For any x ∈ X let min x be the minimum value among all the entries
of x. Let k be the first index such that xk = min x. Let λ(x) = k. Then
λ(Fk−1(x)) = k − 1 and λ(Fp(x)) = λ(x) if p 6= k − 1. So after one round of
computation λ is certain to decrease by 1. Repeating the argument we see that
after k − 1 rounds of computation λ takes the value 1. That means that min x
has reached the first position. No Fp can change its position further.

We see now that after another k − 2 rounds of computation the second least
element of x will reach its final position at index 2 and so on. So eventually
the string is sorted. �

6.4 Shortest Paths

In this section we assume some familiarity with graphs on the part of the reader.

Let S be the set of all complete integer weighted directed graphs, without
any cycles of negative length, on the vertices v1, v2, . . . , vN . (In this context
the word ‘length’ is synonymous with ‘weight’.) Given any G ∈ S, let the
weight associated with the edge (vi, vj) be W [i, j]. Set W [i, i] = 0 for all i.
This construction gives rise to a matrix W = WG.

GivenG ∈ S, and 1 ≤ i, j ≤ N , letD[i, j] denote the length of a minimum-
length path from vi to vj. If i = j, D[i, j] = 0. We call D[i, j] the distance
from vi to vj. This gives rise to a matrix D = DG. It is desired to design a
multiflow machine to compute the matrix DG given WG for any G as above.
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What is an intuitive nondeterministic algorithm? Let d[i, j] be the length of
some path from vi to vj for all i and j. For example, we could take d[i, j] =
W [i, j]. We can consider d[i, j] to be a first estimate of D[i, j]. Then a better
estimate would be min{d[i, j], d[i, k] + d[k, j]} for some k. So we can keep
choosing triples (k, i, j) and keep replacing d[i, j] as above. With luck we will
reach a fixed value for every i and j and that will be D[i, j]. We now model
this process as a multiflow and show that this process does indeed converge
and give the result we need.

1. S is the set of all complete integer weighted directed graphs on v1,v2,· · · ,vN
without any cycles of negative length.

2. T is the space of N ×N matrices with integer entries.

3. The specification map f : S → T is given by f(G) = DG.

4. Let X = T and let d = (d[i, j]) denote a typical matrix in X .

5. Given G ∈ S the associated matrix WG is the coding of G in X so that
ρ(G) = WG.

6. Let π be the identity map given by π(d) = d.

7. For every (k, i, j) ∈ [1..N ]3, the associated operation F(k,i,j) is the replace-
ment of d[i, j] with min{d[i, j], d[i, k] + d[k, j]} without changing other
entries of the matrix. More formally, F(k,i,j)(d) = d′ where

d′[i, j] = min{d[i, j], d[i, k] + d[k, j]}
d′[u, v] = d[u, v] if (u, v) 6= (i, j).

Let F = {F(k,i,j) | (k, i, j) ∈ [1..N ]3}. Let p be shorthand for (k, i, j).

Theorem 6.4 With definitions as above M = S
ρ→ X

F→ X
π→ T is a multi-

flow machine computing f(G) = DG.

Proof Choose and fix a graph G ∈ S. All definitions to follow are relative to
this graph. Let us call d ∈ X an admissible matrix if d[i, i] = 0 for all i, d[i, j]
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is the length of some path from vi to vj for i 6= j, and d[i, j] ≤ W [i, j]. If d is
admissible so is d · p for all p. If A is the set of all admissible matrices then A
is invariant.

Define λ : A→ Z by λ(d) = Σi,jd[i, j]. For i 6= j, d[i, j] is length of some
path from vi to vj and similarly d[j, i] is the length of some path from vj to vi.
So d[i, j] + d[j, i] is the length of a cycle at vi and hence d[i, j] + d[j, i] ≥ 0. It
is given that d[i, i] = 0 for all i. So λ(d) ≥ 0 for all d ∈ A. Hence λ is a height
function on A.

For a given p suppose d /∈ fix (Fp). Then d′[i, j] = d[i, k] + d[k, j] < d[i, j].
So λ(d·p) < λ(d). Hence λ is a bound function and consequentlyA ⊆ con(F).

We now show that A is safe for f at G so that Φ(G) = {f(G)}. Since A is
invariant and ρ(G) = W ∈ A, it is enough to prove that A ∩ fix (F) = {DG}.
LetE ∈ A∩fix (F). SinceE is a fixed point we haveE[i, j] ≤ E[i, k]+E[k, j]
for every i, j, k. Since E is admissible E[i, j] ≤ W [i, j] and E[i, j] is length
of some path from vi to vj. We now prove that E = D. We prove this by
induction on the number of edges of a shortest path from vi to vj for i 6= j.

Suppose that the number of edges of a shortest path from vi to vj is 1. Then
W [i, j] = D[i, j] ≤ E[i, j] ≤ W [i, j]. So D[i, j] = E[i, j]. Assume that
D[i, j] = E[i, j] for every i, j for which the number of edges of a shortest
path from vi to vj is ≤ m, and there is a pair i, j such that the number of
edges of a shortest path from vi to vj is m + 1. Let that path be given by
(vi = va0

, va1
, · · · vam

, vam+1
= vj). It is clear that (vi, va1

, · · · vam
) is a shortest

path from vi to vam
with number of edgesm, and that (vam

, vj) is a shortest path
from vam

to vj with only one edge. So D[i, j] = D[i, am] + D[am, j]. By the
induction hypothesis we have D[i, am] = E[i, am] and D[am, j] = E[am, j].
Then D[i, j] ≤ E[i, j] ≤ E[i, am] +E[am, j] = D[i, am] +D[am, j] = D[i, j].
Consequently D[i, j] = E[i, j]. This proves that A is safe for f at G. �
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Let the set [1..N ]3 be ordered lexicographically. For 1 ≤ k ≤ N , let pk =
(k, 1, 1)(k, 1, 2) . . . (k,N,N) . Let the string p be defined by p = p1p2 . . .pN .

Clearly p is a fair string. By Theorem 6.4 and the definition of convergence
there exists k ≥ 0 such that W · pk = D. The surprise is that it is enough to
take k = 1.

Theorem 6.5 (Floyd-Warshall)

W · p = D.

The proof of this theorem is a consequence of the lemma below.

Lemma 6.6 Let dk = W · p1p2 . . .pk for 1 ≤ k ≤ N . Then, for i 6= j,

dk[i, j] is the minimum length of the paths from vi to vj with vertices from
{vi, vj, v1, . . . vk}.

Proof We shall use induction on k. For k = 1, d1[i, j] = min{W [i, j],W [i, 1]+
W [1, j]} and hence the claim is true. Assume the result for all values less than
k. Then dk = dk−1 · (k11) . . . (kNN). By the induction hypothesis, for any
i 6= j, dk−1[i, j] is the minimum length of the paths from vi to vj with ver-
tices from {vi, vj, v1, . . . vk−1}. By the definition of dk we have dk[i, j] =
min{dk−1[i, j], dk−1[i, k] + dk−1[k, j]}. It follows that dk[i, j] is the minimum
length of the paths from vi to vj with vertices from {vi, vj, v1, . . . vk}. The
lemma is proved. �

There is a parallel version of the Floyd-Warshall algorithm. Fix k and let
Fk : A→ A be defined by Fk(d) = d′ where

d′[i, j] = min{d[i, j], d[i, k] + d[k, j]}

for all (i, j). We see that d′[i, j] = d[i, k] and d′[i, j] = d[k, i].
So when d[i, j] is changed no other entry of the matrix is changed. Conse-

quently the action of Fk is the same as the one got by replacing one at a time
each d[i, j] in some order of the pairs (i, j). This implies that Fk(d) = d · pk.
In other words, the serial action of the maps F(k,i,j) for fixed k and any order
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of the pairs (i, j) is the same as the synchronized action Fk. We are thus led
directly to the next theorem.

Theorem 6.7 (Parallel Floyd-Warshall)

(FN ◦ . . . ◦ F2 ◦ F1)(W ) = D.

7 Concluding Remarks

Developing skill in using a programming language or software is relatively
easy. Analyzing programs to assert their properties is harder. Computer sci-
entists appeal to formal logic for this purpose. What we are attempting here
is to create a layer of mathematics between the problem and a formal method
of writing down and analyzing the computation. These mathematical methods
may not meet the standards set by formal methods of verification which are
meant to be automated, but nevertheless they would be of help in understand-
ing the issues involved and consequently in designing better programs. Further,
a student might find it easier to learn the formal methods after an understand-
ing of the mathematical methods. This is the philosophical underpinning of the
book [13] and this is the spirit in which we have taken up a study of UNITY
programs.

We propose to continue our study of the multiflow model following the lead
of Chandy and Misra till a critical mass of examples is ready to be class tested.
We invite dynamical theorists and computer scientists interested in pedagogy
to join us.
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